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Process control 

Lecture 3 

 

Equilibrium of a dynamical system is a state that does not change with time. For example, 

each motionless pendulum position in Fig. 1 presents an equilibrium. One of them is stable, 

the other one is unstable. An equilibrium is considered stable if the system returns to the 

original point after small disturbances. If the system moves away from the equilibrium after 

small disturbances, then the equilibrium is unstable. 

 

Fig. 1. Illustration of a stable and unstable point (Izhikevich, 2007) 

 

Consider the following ordinary differential equation: 
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The Equation (1) has an equilibrium solution *( )x t x  if *( ) 0f x  . An equilibrium 

is also called a steady state. There are methods that can be used to predict the stability of a 

system based on calculations. 
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The stability of an equilibrium is determined by the sign of real part of eigenvalues of 

the Jacobian matrix. The Jacobian matrix of a system of ordinary differential equations 

(ODEs) is the matrix of the partial derivatives of the right-hand side with respect to state 

variables: 
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where all derivatives are evaluated at the equilibrium point *x x . 

 To obtain eigenvalues of Jacobain matrix it is necessary to solve a characteristic 

equation: 

 

 det( ) 0J I    (3) 

 

 where I is a unit matrix and μ is eigenvalue. 

We will consider two-dimensional system, i.e. a system described by two state 

variables: x1 and x2. According to Eq. (1) we have: 
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The Jacobian matrix has the form: 
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It has two eigenvalues, which are either both real or complex-conjugate. An 

equilibrium can be a 

 Node when both eigenvalues are real and of the same sign. The node is stable when 

the eigenvalues are negative and unstable when they are positive. 

 Saddle when eigenvalues are real and of opposite signs. The saddle is always 

unstable. 

 Focus (called spiral point) when eigenvalues are complex-conjugate. The focus is 

stable when the eigenvalues have negative real part and unstable when they have 

positive real part. 

 Limit cycle (called center) if eigenvalues are imaginary and have zero real parts. 

 

As we already know from previous lecture, it is convenient to illustrate result on a 

phase plane. One reason for that it each type of equilibrium will shape differently, what 

simplifies analysis. Let’s remind that for a simple pendulum model we obtained a closed 

curve on a phase plane, i.e. a limit cycle. This type of equilibrium and other ones are 

illustrated in Fig. 2. Arrows on curves indicate the direction of time. As we can see if the 

equilibrium is stable, then with time the system tends to a certain point. This point 

represents equilibrium. 

 

 

Fig. 2. Illustration of equilibria stability (Chou & Friedman, 2016) 

 

 



– 4 – 
 

 

REFERENCES 

 

Chou, C.-S., & Friedman, A. (2016). System of Two Linear Differential Equations BT  - Introduction 

to Mathematical Biology: Modeling, Analysis, and Simulations (C. S. Chou & A. Friedman 

(Eds.); pp. 29–42). Springer International Publishing. https://doi.org/10.1007/978-3-319-29638-

8_3 

Izhikevich, E. M. (2007). Equilibrium. Scholarpedia, 2(10). 

 


